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Abstract
We show connection between Dyck paths with peaks of bounded
height and random walks. The correspondence between a certain class
of random walks and such Dyck paths allows us to develop a proba-
bilistic perspective on Chebyshev polynomials.
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1 Introduction
A Dyck path of order k is a lattice path with end points (0, 0) and (2k, 0),
that consists of two kinds of steps: a step up, (1, 1) and a step down (1,−1).
A peak of a Dyck path is the node formed at the joint of an up step and a
down step that follows it.
Figure 1: A Dyck path of order 6 with peaks of height 1, 3, 2, and 2 respec-
tively.
The number of possible Dyck paths of order k is described by the kth
Catalan number, Ck =
1
k+1
(
2k
k
)
. The number A(n, k) of possible Dyck paths
1
of order k that have peak height bounded by n is known to be described by
the following generating function: [1]
∑
k≥0
A(n, k)xk =
1
1 + z − z
1+z− z
.
.
.
1+z− z
1+z−C(z)
, (1)
where the continued fraction has n+1 layers and C(z) is the Catalan gener-
ating function. Note that the bound on the peak height is equivalent to the
condition that in no initial segment the number of steps to the right minus
the number of steps up exceeds n.
We will present a new and surprising way to count bounded Dyck paths
through a property of random walks. In section 2 we discuss the random walk
setup and probabilistic results that serve as the starting point. Section 3 is
the overview of a calculation that takes us from the realm of probabilities to
a suitable generating function. Section 4 presents how the resulting formula
outputs the correct functions for some example values of n. We present our
conclusions in section 5.
2 The Method
Consider a path of m + 1 nodes marked 0 to m, and a random walk that
starts at node m−1 and at every time increment moves one node to the right
with probability 0 ≤ p ≤ 1, p 6= 1/2 or one node to the left with probability
1− p:
0 1 2 m-2 m-1 mi i+1i-1
p1-p
. . . . . .
START
Suppose that the random walk continues until it reaches either 0 or m.
Let Lm(p) be the expected hitting time from m− 1 to m, provided the walk
does not reach 0. This value can be obtained in a straightforward manner
by averaging over the length of all walks that start at m − 1 and end at
m without reaching 0, weighted by the conditional probability of such walk
occurring provided that a walk does not in fact hit 0. Since any walk from
2
m − 1 to m is of odd length, making exactly one more step to the right
than to the left, the probability of any such particular walk of length 2k + 1
occurring is pk+1(1 − p)k. Let Πm,p be the probability that a walk starting
at m − 1 will reach m before reaching 0. Then the conditional probability
given that the walk does not reach 0, of any particular walk from m − 1 to
m of length 2k + 1, not reaching 0, occurring is pk+1(1− p)k/Πm,p.
For an arbitrary random walk that starts at m−1, with probability p the
first step is to the right. With probability Πm,p − p the first step is to the
left, but the walk still reaches m without reaching 0. In that case, it takes an
expected Lm−1(p) steps to come back to m − 1, and Lm(p) again to finally
reach m. When conditioning on reaching m before 0 the whole expression is
normalized by Πm,p. So Lm(p) obeys the following relation:
Πm,pL(p) = p + (Πm,p − p)(Lm−1(p) + Lm(p)). (2)
If we were to calculate Lm(p), we would like to sum over the possible
lengths 2k + 1, taking into account the number B(m, k) of suitable walks of
this length and the conditional probability of each walk occurring. We find
that:
Lm(p) =
∑
k≥0
B(m, k)(2k + 1)pk+1(1− p)k/Πm,p (3)
= p/Πm,p
∑
k≥0
B(m, k)(2k + 1)(p(1− p))k. (4)
The probability Πm,p is [2]:
Πm,p =
1− ((1− p)/p)m−1
1− ((1− p)/p)m
(5)
= p
(1− p)m−1 − pm−1
(1− p)m − pm
. (6)
Note then that the part of each walk that includes nodes 1, . . . , m − 1 is a
collection of an equal number of left and right steps, and at no point the
number of left steps already taken minus the number of right steps already
taken is more thanm−2. So each such walk of total length 2k+1 corresponds
to a Dyck path of order k and peak height no more than m− 2.
If A(n, k) is the number of distinct Dyck paths of order k bounded above
by n, we find that A(n, k) = B(n + 2, k). If we can then find a suitable ex-
pression for Lm(p), we could use the following relation to find the generating
3
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2
3 = m− 1
4 = m
Figure 2: A Dyck path of order 6 bounded in height by 2 corresponds to a
walk of length 7 with m = 4.
function
∑
k≥0
(2k + 1)A(n, k)xk:
∑
k≥0
A(n, k)(2k + 1)(p(1− p))k = Πn+2,p/p× Ln+2(p), (7)
where:
Πm,p = p
(1− p)m−1 − pm−1
(1− p)m − pm
. (8)
3 Calculation
We will now focus on obtaining a suitable form for Πn+2,p/p × Ln+2(p) as a
function of x = p(1− p). We will use the following notation:
• gi(p) = (1− p)
i − pi,
• fi(p) = Πi,p/p =
(1−p)i−1−pi−1
(1−p)i−pi
= gi−1(p)
gi(p)
,
• hi(p) =
gi(p)
g1(p)
= gi(p)
1−2p
,
It is worth noting that:
gi(p) = gi(p)(1− p + p) = gi+1(p) + xgi−1(p), (9)
and that equation (2) is equivalent to:
Lm(p) = Πm,p/p+ Lm−1(p)(Πm,p/p− 1) (10)
= fm(p) + Lm−1(p)(fm(p)− 1). (11)
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By iterating the above relation we can discover that:
Lm(p) = fm(p) + fm−1(p)(fm(p)− 1)+
+fm−2(p)(fm−1(p)− 1)(fm−2(p)− 1) + · · ·+ L2(p)
m∏
j=3
(fj(p)− 1),
where L2(p) = 1. We can express this in a more transparent form as:
Lm(p) =
m∑
i=2
fi(p)
m∏
j=i+1
(fj(p)− 1),
since f2(p) = L2(p) = 1. Finally, since we have established that:
∞∑
k=o
(p(1− p))k(2k + 1)A(m− 2, k) = fm(p)Lm(p), (12)
we would like to express fm(p)Lm(p) as a formal power series of p(1−p) = x.
fm(p)Lm(p) =
gm−1(p)
gm(p)
[
m∑
i=2
gi−1(p)
gi(p)
m∏
j=i+1
(
gj−1(p)
gj(p)
− 1)
]
(13)
=
gm−1(p)
gm(p)
[
m∑
i=2
gi−1(p)
gi(p)
m∏
j=i+1
x
gj−2(p)
gj(p)
]
, (14)
since xgj−2(p) = gj−1(p)− gj(p). This can be simplified to:
fm(p)Lm(p) =
1
(gm(p))2
m∑
i=2
xm−i(gi−1(p))
2 =
1
(gm(p))2
m−1∑
i=1
xm−i−1(gi(p))
2.
(15)
The rest of the calculation is as follows:
gi(p)
2 = (1− p)2i + p2i − xi = xi((
1− p
p
)i) + (
p
1− p
)i − 2), (16)
5
m−1∑
i=1
xm−i−1(gi(p))
2 =
m−1∑
i=1
xm−1
[
(
1− p
p
)i + (
p
1− p
)i − 2
]
(17)
= xm−1
[
1− p
p
1− (1−p
p
)m − 1
1− 1−p
p
+
p
1− p
1− ( p
1−p
)m − 1
1− p
1−p
− 2(m− 1)
]
(18)
= xm−1
[
1− p− (1− p)(1−p
p
)m − 1
2p− 1
+
p− p( p
1−p
)m − 1
1− 2p
− 2(m− 1)
]
(19)
=
xm−1(1− 2m)g1(p) + (1− p)
2m−1 − p2m−1
g1(p)
=
xm−1(1− 2m)g1(p) + g2m−1(p)
g1(p)
.
(20)
We can therefore conclude that:
fm(p)Lm(p) =
xm−1(1− 2m)g1(p) + g2m−1(p)
gm(p)2g1(p)
(21)
=
xm−1(1− 2m)/g1(p)
2 + (g2m−1(p)/g1(p))/g1(p)
2
(gm(p)/g1(p))2
(22)
=
xm−1(1− 2m) + h2m−1(p)
g1(p)2hm(p)2
. (23)
Finally, note that g1(p) = (1− 2p)
2 = 1− 4p+ 4p2 = 1− 4x, and that since
h1(p) = h2(p) = 1, and hm(p) = hm−1(p) − xhm−2(p) for m ≥ 3, we can
define H(x) = h(p) as:
• H1(x) = H2(x) = 1
• For m ≥ 3, Hm(x) = Hm−1(x)− xHm−2(x),
and:
fm(p)Lm(p) =
xm−1(1− 2m) +H2m−1(x)
(1− 4x)Hm(x)2
. (24)
Therefore, for A(n, k) the number of Dyck paths of order k and height no
more than n:∑
k≥0
A(n, k)(2k + 1)xk =
xn+1(−2n− 3) +H2n+1(x)
(1− 4x)Hn+2(x)2
. (25)
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This result is equivalent to the continued fraction form that is known, but
the probability viewpoint is novel. The factor of 2k + 1 could be removed
by integrating both sides, but the formula on the right would lose much of
its simplicity. We prioritize efficient use of computational resources and so
propose that the factor should be left as is.
4 Examples
Let us check this expression for some small numbers. Note that f2(p)L2(p) =
0 + 1 = 1, and in fact the only Dyck path of height 0 is the empty path.
4.1 Paths of height 1
For any positive length, there is only one path of height 1, and so we are
hoping to obtain:
f3(p)L3(p) =
∑
k≥0
(2k + 1)xk. (26)
We do it as follows. From
f3(p)L3(p) =
x2(−5) +H5(x)
(1− 4x)H3(x)2
(27)
we find that H3(x)
2 = (1− x)2, and H5(x) = 1− 3x+ x
2.
Since H5(x)− 5x
2 = 1− 3x− 4x2 = (1− 4x)(1 + x), we conclude that:
f3(p)L3(p) =
1 + x
(1− x)2
=
∑
k≥0
(2k + 1)xk. (28)
4.2 Paths of height at most 2
Similarly, we can check this formula for Dyck paths of heights no more than
2 as follows:
f4(p)L4(p) =
x2(−7) +H7(x)
(1− 4x)H4(x)2
=
1− 5x+ 6x2 − 8x3
(1− 4x)(1− 2x)2
=
1− x+ 2x2
(1− 2x)2
(29)
= (1− x+ 2x2)
∑
k≥0
(k + 1)(2x)k = 1 +
∑
k≥1
(2k + 1)2k−1xk. (30)
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To see that this is the generating function we are looking for, consider
such path of some order k ≥ 1. This path can touch ’ground’ after any even
number of steps, and necessarily touches ground after 0 and after 2k steps.
There are k − 1 spots where it could touch ground or not. And in fact for
any subset of these, there is a unique Dyck path of length 2k of height at
most 2. Therefore there are 2k−1 such paths of order k.
5 Conclusions
We found a generating function that describes the number of Dyck paths of
order k restricted in height by n, which is (25). An iterative method to count
these already existed, but we believe that the random walk connection is of
interest.
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